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Three-Dimensional Global Linear Stability Analysis
of Flow Around a Spheroid

Asei Tezuka∗ and Kojiro Suzuki†

University of Tokyo, Tokyo 113-8656, Japan

Computational study of flowfields around a spheroid at varied angles of attack is done using Chiba’s method,
which is one of the methods of three-dimensional global linear stability analysis. It is clarified that in the case of a
spheroid, nonoscillatory, nonaxisymmetric flow (in the case of zero angle of attack) and nonoscillatory asymmetric
flow (in the case of nonzero angle of attack) are observed in a range of the freestream Reynolds number around
4 ×× 103 to 7 ×× 103, and angle of attack from 0 to 30 deg. The amplification factor of the nonoscillatory asymmetric
(or nonaxisymmetric in 0-deg attack angle case) mode is the largest. The transition from nonoscillatory symmetric
(or axisymmetric) flow, to nonoscillatory asymmetric (or nonaxisymmetric) flow, occurs when the amplification
factor becomes zero. To ascertain the appearance of the nonoscillatory asymmetric flow in an attack angle case,
a low-speed wind tunnel experiment was also conducted. The picture of flow visualization shows an asymmetric
pattern when the Reynolds number is around 6.5 ×× 103, whereas the pattern is symmetric at a Reynolds number
around 3.5 ×× 103.

Nomenclature
A = Jacobian matrix ≡ ∂f (u0)/∂u, where ∂u/∂t = f (u)

satisfy the Navier–Stokes equations
B == exp(AT )
c j,k = coefficient of orthonormal basis ζ j

f = frequency of oscillation
H = upper Hessenberg matrix whose elements are c j,k

�(·) = imaginary part
i, j, k = radial, polar, and azimuthal cordinates
KM = Krylov subspace ≡ span{ζ1, Bζ1, . . . , BM − 1ζ1}
M = size of the matrix H
N = number of grid points
�(·) = real part
Re = Reynolds number based on the diameter of sphere and

the major axis of spheroid
ReC1 = critical Reynolds number from nonoscillatory

axisymmetric (or symmetric in a nonzero attack angle
case) flow to nonoscillatory planar symmetric (or
asymmetric in a nonzero attack angle case) flow

ReC2 = critical Reynolds number from nonoscillatory flow to
oscillatory flow

T = time to calculate the Navier–Stokes equations using
initial conditions u0 + εζi and u0 − εζi

Tperi = period of the oscillatory mode
t = time (nondimensionalized by freestream velocity and

major axis length of spheroid)
u = column vector of velocity components at all of the

computational nodes ≡ (u1,1,1v1,1,1w1,1,1 · · ·
uimax, jmax,kmaxvimax, jmax,kmaxwimax, jmax,kmax)

T

u0 = stationary state of the velocity
ũ = disturbance of velocity
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u(fin)

i+ = velocity at time t = T for the initial condition u = u(ini)
i+

at t = 0
u(fin)

i− = velocity at time t = T for the initial condition u = u(ini)
i−

at t = 0
u(ini)

i+ == u0 + εζi

u(ini)
i− == u0 − εζi

ε = parameter to control the magnitude of disturbance
ζ1 = starting vector of orthonormal basis made by random

numbers
ζi = orthonormal basis of subspace KM

λ = eigenvalue
λ(A) = approximate eigenvalue of matrix A
λ(B) = approximate eigenvalue of matrix B
λ(H) = eigenvalue of matrix H
ϕ(A) = approximate eigenvector of matrix A
ϕ(B) = approximate eigenvector of matrix B
ψ(H) = eigenvector of matrix H

Subscript

max = maximum

I. Introduction

T O understand the aerodynamics of a slender body at high an-
gles of attack, it is necessary to investigate the structure of

three-dimensional separation around the body. From an engineer-
ing viewpoint, investigation of the structure of a steady asymmetric
flowfield is an important topic, because specific phenomena such as
phantom yaw and flat spin are considered to be caused by the side
force that is generated from a steady asymmetric flowfield.1 There-
fore, to investigate the condition that the nonoscillatory asymmetric
flowfield becomes stable and the asymmetric flowfield generates
side force is important. In this paper, we focus on the nonoscillatory
asymmetric flow around a spheroid at an angle of attack in the range
of Reynolds number Re ∼ 104.

Figure 1 shows the schematic of the flowfield around a body in
the critical Reynolds number range from steady flow to oscillatory
flow. In the case of flow around a sphere, the appearance of a steady
nonaxisymmetric flowfield has been pointed out in previous studies.
Magarvey and Bishop2 used dye visualization to reveal the wakes of
free-falling drops of an immiscible liquid in water. If the flow is axi-
symmetric, the dye injected into the recirculating region converges
to a single thread in the wake. The flow visualization result of Mag-
arvey and Bishop2 at Re = 170 (Re represent the Reynolds number
based on the diameter and the freestream velocity), which is shown
in Fig. 2a, demonstrates the single thread in wake. However, when
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Fig. 1 Schematic of flowfields around various bodies in the critical
Reynolds number range from steady to oscillatory flow.

a) Single thread (Re = 170)

b) Double thread (Re = 220)

Fig. 2 Flow visualization results of Magarvey and Bishop.2

the Reynolds number is larger than a critical value ReC 1 ≈ 210, the
dye converges to two parallel threads in the wake, which indicate
that the flowfield is not axisymmetric (Fig. 2b). Oscillation of the
double thread wake is observed in a Reynolds number region higher
than ReC2 ≈ 270.

It should be emphasized that there are two critical values in the
transition region from steady flow to oscillatory flow. The first is the
critical Reynolds number for transition from steady axisymmetric
flow to steady nonaxisymmetric flow, and the second is the critical
Reynolds number for transition from steady nonaxisymmetric flow
to oscillatory flow. The appearance of nonoscillatory nonaxisym-
metric flow has been illuminated in various studies. For example,
Ormieres and Provansal3 experimentally observed steady nonax-
isymmetric flow, and Johnson and Patel4 conducted both numerical
and experimental studies and both results demonstrate the existence
of the steady asymmetric flowfield.

In this study, we focus on the stability of such a nonoscillatory
asymmetric flowfield using the application of a three-dimensional
global linear stability analysis. As Theofilis5 has explained, three-
dimensional global linear flow instability research is based on the
concept of a decomposition of any flow quantity into a steady
or time-periodic laminar so-called basic flow, upon which small-
amplitude three-dimensional disturbances are permitted to develop.
Three spatial directions are resolved and time-periodic small-
amplitude disturbances, inhomogeneous in all three directions, are
superimposed upon a steady basic state, itself inhomogeneous in
space. Therefore, the use of the term “global” is different from the
previous work of Huerre and Monkewitz,6 who characterized a truly
parallel flow in which the disturbance propagates upstream from its
point of introduction as being globally unstable. In this paper, we
use the term “global” from the viewpoint of Theofilis.

Natarajan and Acrivos7 examined two-dimensional global linear
stability of the flow around a sphere. Two-dimensional global lin-

ear stability calculates eigenmodes that are inhomogeneous in both
the axial and radial directions and periodic in the azimuthal direc-
tion of cylindrical coordinates. The mechanism of the transition
from steady axisymmetric flow to steady nonaxisymmetric flow in
the critical Reynolds number region is explained. A nonoscillatory,
nonaxisymmetric mode becomes dominant if the Reynolds number
becomes larger than 210. Ghidersa and Dušek8 calculated the two-
dimensional global linear stability of the flow around a sphere, and
the critical Reynolds number of the breakdown of the axial sym-
metry was calculated as ReC1 ≈ 212.2. Ghidersa and Dušek pointed
out that the appearance of the double-thread wake is explained by
the superposition of the most unstable mode to the axisymmetric
flowfield. Consequently, the existence of the nonoscillatory, non-
axisymmetric flow is described by the result of the global linear
stability analysis.

If the shape of the body is changed from a sphere to a prolate
spheroid, not only the Reynolds number, but also the angle of attack
becomes an important parameter to determine the characteristics
of the flowfield. In previous studies, it is reported that the separa-
tion pattern of the flowfield becomes complicated according to the
increase in the angle of attack. Wang et al.9 conducted a wind tun-
nel experiment for flow around a prolate spheroid whose length-to-
diameter ratio was 4:1. The Reynolds number based on the diameter
of the spheroid was 3.5 × 104. The pattern of the separation changes
from closed separation to open separation according to the increase
in the angle of attack. Han and Patel10 performed an experimental
study of flow around a spheroid whose length-to-diameter ratio was
4.3:1. The Reynolds number based on the length of the model was
8.0 × 104. This study also presents the change of the separation ac-
cording to the increase in the angle of attack. The results of Costis
et al.11 and Nishikawa et al.12 also demonstrate the pattern of surface
streamlines of the flow around a spheroid at various angle of attack.

From the results for the sphere, it is expected that for a body with
spheroidal shape, the flow may also become steady nonaxisymmet-
ric in a certain range of a Reynolds number. However, the presence of
nonoscillatory, nonaxisymmetric flow, or nonoscillatory asymmet-
ric flow, has not been reported in the studies mentioned earlier. In
this study, we demonstrate the appearance of nonoscillatory, non-
axisymmetric flow around a spheroid at zero angle of attack and
nonoscillatory asymmetric flow around a spheroid at nonzero angle
of attack.

The transition mode of the flow structure around a spheroid at
nonzero angle of attack was examined by a three-dimensional global
linear stability analysis. Chiba’s method13 was used to calculate the
stability of the flowfield, because it can easily be coupled with the
Navier–Stokes analysis by the finite-difference method on general-
ized coordinates. Three-dimensional flow around a sphere was an-
alyzed to check the validity of our numerical code. The result was
in desirable agreement with the result of Natarajan and Acrivos.7

Following that, the three-dimensional global linear stability of flow
around a spheroid at various angles of incidence was calculated. The
effects of Reynolds number, angle of attack, and length-to-diameter
ratio are discussed. To confirm the appearance of the nonoscilla-
tory asymmetric flow, a low-speed wind tunnel experiment was also
conducted under the condition of angle of attack 10 deg.

II. Summary of Three-Dimensional Global Linear
Stability Analysis

A. Formulation
Theofilis5 explained that three-dimensional global linear insta-

bility is decomposed as

q(x, y, z, t) = q̄(x, y, z) + εq̂(x, y, z)e−i�t (1)

with q̄(x, y, z) and εq̂(x, y, z)e−i�t representing the steady basic
flow and three-dimensional amplitude functions of the unsteady in-
finitesimal perturbations.� is a complex eigenvalue. In some papers,
q̄(x, y, z) is expressed as “base flow.” In this paper, we follow the
same manner as Theofilis.5

Chiba11 has calculated three-dimensional global linear stability in
the following way. The nondimensionalized incompressible laminar
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Navier–Stokes equations

ut + uux + vuy + wuz = −px + (uxx + uyy + uzz)/Re

vt + uvx + vvy + wvz = −py + (vxx + vyy + vzz)/Re

wt + uwx + vwy + wwz = −pz + (wxx + wyy + wzz)/Re

pxx + pyy + pzz = −u2
x − v2

y − w2
z − 2(uyvx + vzwy + wzux )

+ (ux + vy + wz)/	t

can be summarized as

∂u
∂t

= f (u) (2)

where

u = (
u1,1,1v1,1,1w1,1,1 · · · uimax, jmax,kmaxvimax, jmax,kmaxwimax, jmax,kmax

)T

The expression of the function f (u) is very complicated. How-
ever, if we use Chiba’s method, the three-dimensional global linear
stability has been calculated without using the explicit expression of
f (u). If the number of computational nodes (imax × jmax × kmax) is
N , the dimension of u becomes 3N in the three-dimensional case.
Pressure is not included in the dependent variables, because it is
independent of the velocity. A Taylor series expansion is applied to
Eq. (2) around the stationary solution u0:

f (u0 + ũ) = f (u0) + ∂f (u0)

∂u
ũ + O(ũ2) (3)

where ũ is a small disturbance. Considering that the second- or
higher-order terms with respect to |ũ| are negligibly small, the lin-
earized stability equation is given as

∂ũ
∂t

= ∂f (u0)

∂u
ũ ≡ Aũ (4)

where A ≡ ∂f (u0)/∂u is the Jacobian matrix.
Substituting the eigenvalue λ and eigenvector ϕ of matrix A into

Eq. (4), we obtain

∂ϕ

∂t
= λϕ (5)

If ũ(0) can be expressed by a linear combination of eigenvectors ϕn

so that ũ(0) = ∑
knϕn , then ũ(t) satisfies

ũ(t) =
∑

knϕn exp(λn) (6)

We can evaluate the three-dimensional global linear stability of flow
by the real part of λ[i.e., �(λ)]. The mode of velocity disturbance
is represented by ϕ. If the real part of the eigenvalue is positive
or negative, then the magnitude of the mode is growing (the flow
is unstable) or diminishing (the flow is stable), respectively. The
frequency of the oscillatory mode is evaluated by the imaginary
part of λ[i.e., �(λ)]. If the imaginary part of the eigenvalue is zero
or nonzero, the mode is steady or oscillatory, respectively.

B. Numerical Method
The three-dimensional global linear stability is analyzed by con-

sidering the eigensystem of Eq. (4). However, the size of matrix A
is 3N × 3N , and it is difficult to calculate the eigensystem of matrix
A. Chiba13 adopted Eriksson and Rizzi’s method14 to determine the
critical Reynolds number in the case of a circular cylinder and ob-
tained reasonable results. In his approach, Arnoldi’s method15 was
used to calculate the eigenvalue analysis of matrix A approximately.
The flowchart of Chiba’s method is demonstrated in Fig. 3.

By integrating Eq. (4) with respect to time from 0 to T , we obtain

ũ(T ) = exp(AT )ũ(0) (7)

Fig. 3 Flowchart of the Chiba method.

The approximate eigensystem of B[≡ exp(AT )] is numerically cal-
culated by Arnoldi’s method. The eigensystem of matrix A is eas-
ily calculated if we obtain an eigensystem of matrix B. The ap-
proximate eigensystem of matrix B is expressed by a vector that
is in the Krylov subspace KM = span{ζ1, Bζ1, . . . , BM − 1ζ1}. The
normalized orthogonal basis vectors of subspace KM , which are
written as ζi (1 ≤ i ≤ M, M � N ), are introduced. ζi is a column
vector and the number of elements are 3N . The vector ζi is given
by random numbers. To obtain the basis vector ζi (2 ≤ i ≤ M), the
Gram–Schmidt orthogonalization method is used. Suppose that Bζ1

is expressed by the linear combination of the orthogonal bases ζ1

and ζ2. Then ζ2 is specified by the orthonormal condition. In order
to calculate the Bζ1, ζ1 is assigned to ũ(0) of Eq. (7). Thus, ũ(T )
corresponds to Bζ1.

It should be emphasized that in Chiba’s method, the stability
of the flowfield is calculated by adding small disturbances to the
converged solution of computational fluid dynamics (CFD), and
then time evolutions were solved using the same CFD schemes. In
this paper, the stability is calculated under the subcritical condition.
The converged solution of the Navier–Stokes equations, which is
expressed as u0, is used as a basic flow of the stability analysis. The
basic flows are different in different Reynolds numbers.

From Eq. (7), we can say that ũ(0) is a disturbance vector at t = 0,
and ũ(T ) is a disturbance vector at t = T . Therefore, the Navier–
Stokes equations are solved from t = 0 to t = T using the initial
value which contains the velocity disturbance ζ1. Two types of initial
values, u(ini)

i+ (≡u0 + εζ1) and u(ini)
i− (≡u0 − εζ1), are used to solve the

Navier–Stokes equations. The result at t = T are written as u(fin)

i+ and
u(fin)

i− , respectively. The vector Bζ1[= exp(AT )ζ1] is calculated from
the following equation:

Bζ1 = (
u(fin)

1+ − u(fin)

1−
)/

2ε (8)

The number of elements of vector ζi is 3N , and ζi satisfies the
normalized condition |ζi | = 1. The component of ζi becomes small
if the number of elements 3N is large. Because N is the number of
grid points, the magnitude of disturbance at each computational node
is affected by the size of computational mesh. Then, the parameter
ε is introduced.

The vector ζ2 is introduced to describe the vector Bζ1 using a set
of orthonormal basis ζi and ζ2:

Bζ1 = c1,1ζ1 + c2,1ζ2

The vectors ζ3, ζ4, . . . , ζM are calculated in the same way.
First, the vector Bζi is calculated from the equation

Bζ1 = (
u(fin)

1+ − u(fin)

1−
)/

2ε

Next, the vector ζi+1is introduced:

Bζi = c1,iζ1 + c2,iζ2 + · · · + c j,iζ j + · · · + ci+1,iζi+1 (9)
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Gram–Schmidt orthogonalization was applied to calculate ζi + 1.
The coefficient c j,i of orthonormal basis ζ j (1 ≤ j ≤ i) is calculated
as

c j,i = ζ T
j · Bζi (10)

Then, ci + 1,iζi + 1is calculated from the following relation:

ci + 1,iζi + 1 = Bζi − (c1,iζ1 + c2,iζ2 + · · · + ci,iζi ) (11)

ci + 1,i and ζi + 1 are calculated from the equations

ci + 1,i = (ci + 1,iζi + 1 · ci + 1,iζi + 1)
1
2 (12)

ζi + 1 = (ci + 1,iζi + 1)/ci + 1,i (13)

At the end of the calculation, the following equation is obtained:

BζM = c1,Mζ1+c2,Mζ2+ · · ·+c j,Mζ j+ · · · +cM,MζM+cM + 1,MζM + 1

(14)
In the case in which M is large and |cM + 1,MζM + 1| is small, we can
approximate Eq. (14) as

BζM = c1,Mζ1 + c2,Mζ2 + · · · + c j,Mζ j + · · · + cM,MζM (15)

The coefficient c j,k and basis vector ζ j satisfy

B{ζ1, . . . , ζM } = {ζ1, . . . , ζM }

⎡⎢⎢⎢⎢⎢⎣
c1,1 · · · · · · c1,M − 1 c1,M

c2,1 · · · · · · c2,M − 1 c1,M

0
. . .

...
...

...
. . .

. . .
...

...
0 · · · 0 cM,M − 1 cM,M

⎤⎥⎥⎥⎥⎥⎦
︸ ︷︷ ︸

H
(16)

The M × M matrix H whose elements are c j,k is obtained. The
eigensystem of B is approximately calculated from the eigensystem
analysis of the matrix H of size M × M instead of the matrix B of
size 3N × 3N . Considering that the eigenvalue λ(H) and eigenvector
ψ(H) of matrix H satisfies the equation

Hψ(H) = λ(H)ψ(H)

Eq. (16) becomes

B{ζ1, . . . , ζM }ψ(H) = {ζ1, . . . , ζM }Hψ(H)

= {ζ1, . . . , ζM }λ(H)ψ(H)

= λ(H){ζ1, . . . , ζM }ψ(H) (17)

Therefore the eigenvalue λ(H) of matrix H is an approximate eigen-
value of matrix B. The vector {ζ1, . . . , ζM }ψ(H) becomes the ap-
proximate eigenvector of matrix B. The approximate eigenvalue
λ(B) and eigenvector ϕ(B) of matrix B are calculated from Eqs. (18)
and (19):

λ(B) = λ(H) (18)

ϕ(B) = {ζ1, . . . , ζM }ψ(H) (19)

The eigenvalue λ(A) of the matrix A is obtained by the relation

λ(B) = exp
(
λ(A)T

)
(20)

The eigenvector ϕ(A) for the system A is the same as that for system
B:

ϕ(A) = ϕ(B) (21)

C. Computational Conditions
For accurate evaluation of the stability of the flow, M must be

sufficiently large. According to the increase in M , eigenvalues and
eigenvectors obtained by Arnoldi’s method converged to the exact
solution. In this study, we focus on the most amplified mode, whose
value of �(λ(A)) is larger than those of other modes. It should be
noted that in Arnoldi’s method, more amplified modes with a larger
real part of the eigenvalue are computed more accurately than the
lesser amplified modes. In this study, M is set as 40. We have checked
that if M is larger than 40, the configuration of the velocity distur-
bance of the most amplified mode becomes almost the same.

In this paper, we set the value of T as 1. Using Chiba’s method,
the stability of flow is calculated in the subcritical condition. The
velocity disturbances of all modes decay in this condition. If T
is larger than a half period of oscillation, an aliasing-like problem
occurs. The eigenvalue λ(A) of the matrix A is calculated by Eq. (20)
as

λ(A) = {
log

∣∣λ(B)
∣∣ + i arg λ(B)

}/
T (22)

The natural logarithm function is a multivalued function, and
we cannot determine the imaginary part of λ(A). To deal with this
aliasing-like problem, the numerical simulation of the flowfield is
also conducted at a supercritical Reynolds number. We can esti-
mate the value of λ(A) by comparing the frequency of the oscillation
observed in the CFD results at the supercritical condition.

The variable ε of Eq. (8) is introduced to control the magnitude
of the velocity disturbance at each grid point. Because of the limit
of the number of bits in representing numbers, a round-off error
appears if εζi is very small compared to u0. If ε is too large, the
higher-order term in Eq. (3) becomes large and we cannot neglect
the higher-order term. In out trial computation, there is no significant
difference between the results for ε = 1 and 0.01. In this study, we
set ε to be 1.

The marker-and-cell method16 was used to solve the Navier–
Stokes equations. The Poisson equation for pressure was solved by
the successive over relaxation method. The second-order Adams–
Bashforth method was used for time integration. Artificial viscosity
was introduced to calculate the flowfield. To check the influence of
the numerical viscosity, which is applied to the convection terms, the
third-order upwind finite-difference17 and Kawamura–Kuwahara
scheme18 are applied in the trial computation. By comparing those
results, we can estimate the influence of the numerical viscos-
ity. The value of λ(A) calculated using the Kawamura–Kuwahara
scheme becomes smaller than that calculated by using third-order
upwind finite difference. However, the eigenvector ϕ, which demon-
strates the configuration of the velocity disturbance of the mode, is
almost the same. The effect of numerical viscosity is not essen-
tial in discussing the appearance of the nonoscillatory asymmet-
ric flow. In this study, the third-order upwind finite difference is
applied.

The grid is O–O type around the body, as shown in Fig. 4. The
number of grid points is 51 × 41 × 51. To confirm the appearance of
the nonoscillatory asymmetric flow, the flow is also solved using a
finer grid (81 × 61 × 61) in some computational conditions. In both
cases, the flowfield becomes nonoscillatory and asymmetric.

At the outer boundary, the freestream boundary condition and
zeroth-order extrapolation are applied at the inflow and outflow
boundaries, respectively. At the inflow boundary the value of u is
fixed to the freestream velocity. Assuming that the velocity distur-
bance ũ is added to the stationary solution u0 and solved in the same
way to calculate the basic flow, the value of ũ is fixed to zero. At
the outflow boundary, zeroth-order extrapolation is applied to the
value of u. In this case, the value of ũ also fulfills the zeroth-order
extrapolation condition.

The distance from the surface of the body to the outer boundary
is 20 times the length of the major axis. To check the validity of the
distance, a trial computation is also conducted using a different type
of numerical grid.
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a) Normal

b) Fine

Fig. 4 Computational grid.

Fig. 5 Definition of the planes and forces (flow around a sphere).

III. Numerical Results and Discussion
A. Flow Around a Sphere

To check the validity of our numerical code, three-dimensional
flow around a sphere was analyzed and the result is compared to
other studies. Figure 5 explains the definition of the planes and
forces used in the following discussion. Our CFD results are shown
in Fig. 6. The streamlines, which are plotted from the surface of
the sphere, converge to two threads in the wake of the sphere at
Re = 250 (Fig. 6b), whereas the streamlines converge to one thread
in the wake of the sphere at Re = 200.

The eigenvalues of modes at Re = 200 calculated by the stability
analysis are plotted on the complex plane in Fig. 7. The steady-
state solution of the Navier–Stokes equations at Re = 200 (Fig. 6a)
is selected as the basic flow. The mode shown by an arrow in the
figure has the largest real part of the eigenvalue (which represents

a) Axisymmetric flow (Re = 200)

b) Nonaxisymmetric flow (Re = 250)

Fig. 6 Streamline of the flow around a sphere.

Fig. 7 Eigenvalues on a complex plane (sphere, Re = 220).

the amplification factor). This mode is determined to be the most
amplified mode. The imaginary part of the most amplified mode
(which represents the angular frequency) is zero. Therefore, this
mode is a nonoscillatory mode. Figure 8 shows the vector distur-
bances of the most amplified mode. The cross-sectional view of
the vector disturbances in the plane of symmetry (corresponding to
plane A in Fig. 5) is plotted in Fig. 8a. All of the components of the
disturbance vector are parallel to this plane. This result satisfies the
condition that normal components should be zero in a symmetric
plane. Figure 8b shows the vector disturbance on plane B. All of
the components of the vector disturbance are normal to plane B,
and the magnitude of the vector disturbance is plotted by contour
lines. A three-dimensional plot of the vector disturbance is plotted
in Fig. 8c. In the vicinity of the surface of a sphere (one grid point
away from the surface), the streamlines of the vector disturbance are
plotted. To draw the surface streamline, the component of vector dis-
turbance that is parallel to the surface is integrated. This pattern is
not axisymmetric but planar-symmetric.

Natarajan and Acrivos7 calculated two-dimensional global linear
stability of the flow around a sphere, whose eigenmodes are inho-
mogeneous in both z (axial) and r (radial), and periodic in the θ
(azimuthal) direction. The pattern of the eigenmode calculated by



1702 TEZUKA AND SUZUKI

a) Plane A

b) Plane B (normal components illustrated by contour lines)

c) Three-dimensional view and surface streamlines of the
disturbance velocity

Fig. 8 Distribution of the velocity disturbance of the most unstable
mode (sphere, Re = 220).

Natarajan and Acrivos,5 which is shown in Fig. 9, is in desirable
agreement with our result, which is plotted in the way of Natarajan
and Acrivos. The flow around a sphere becomes nonaxisymmetric
when the Reynolds number is larger than 210. The result of our
numerical code shows that the critical Reynolds number ReC1 is
around 226. The value of the critical Reynolds number that is cal-
culated numerically is affected by the numerical viscosity. If we use
a finer grid (71 × 41 × 51), the critical value becomes ReC1 = 213,
whose value is close to the result of Natarajan and Acrivos. In both
cases, the configuration of the velocity disturbance is the same.

Supposing that a nonaxisymmetric velocity disturbance field is
added to the axisymmetric velocity field, the flowfield changes from
axisymmetric to nonaxisymmetric. Then, if the eigenvalue becomes
positive according to the increase in the Reynolds number, the flow-
field changes from axisymmetric to nonaxisymmetric. The imagi-
nary part of the eigenvalue is zero, and the mode is nonoscillatory.
Therefore, a transition of flow from nonoscillatory axisymmetric to
nonoscillatory nonaxisymmetric occurs. Ghidersa and Dušek8 has
explained the appearance of the double-thread wake by the fact that
if the mode is superposed on the basic flow, there appear two loci
of convergence points in the transverse flowfield. In this study, to il-

a) Results of Natarajan and Acrivos5

b) Results of this study

Fig. 9 Comparison with results of Natarajan and Acrivos.5

Fig. 10 Streamline of velocity when the most amplified mode is super-
posed on the basic flow.

lustrate the transformation of the flowfield, the disturbance vectors
are superposed on the basic flow. The flowfield shown in Fig. 10
demonstrates the streamlines, which converge to two threads in the
wake.

B. Flow Around a Spheroid
1. Angle of Attack of 0 deg

First, the flow around a spheroid was numerically calculated. The
incompressible Navier–Stokes equations are nondimensionalized
with the major axis of the spheroid and magnitude of the uniform
flow. Considering that the length-to-diameter ratio of the prolate
spheroid is 4:1, the diameter of the spheroid becomes 0.25. The
definition of the planes and forces used in the following discussion
is shown in Fig. 11. The angle of attack is defined as the angle
between the flow direction and the major axis. Figure 12 shows
the surface streamlines of the flowfield around a spheroid. The pat-
tern of the surface streamline at Re = 3.5 × 103, which is shown in
Fig. 12a, is axisymmetric. Figure 12b shows the surface streamlines
at Re = 5.0 × 103. The pattern of the surface streamlines becomes
nonaxisymmetric. This nonaxisymmetric flowfield is also confirmed
by the force acting on the body. The time history of the lift-to-drag
force at Re = 5.0 × 103 is shown in Fig. 12c. Because the normal
force is generated on the body, the flowfield at Re = 5.0 × 103 is not
axisymmetric. The critical Reynolds number from symmetric flow to
asymmetric flow exists between Re = 3.5 × 103 and Re = 5.0 × 103.

The stability of the flow around a spheroid was calculated. The sta-
tionary solution of CFD results at each Reynolds number (similar to
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Fig. 11 Definition of the planes and forces (spheroid).

a) Axisymmetric pattern of streamlines (Re = 3.5 ×× 103)

b) Nonaxisymmetric (planar symmetric) pattern of streamlines
(Re = 5.0 ×× 103)

c) Time history of normal force-to-axial force ratio at
Re = 5.0 ×× 103

Fig. 12 CFD results for flow past a spheroid (angle of attack = 0 deg).

Fig. 12a) is used as the basic flows of the stability analysis. Figure 13
shows the eigenvalues in the complex plane. The mode that has the
largest real part of the eigenvalue is the most amplified mode. In the
Re = 3.7 × 103 case, which is denoted by the inverted triangle, the
imaginary part of the eigenvalue for the most amplified mode is zero.
This mode is a nonoscillatory mode. The real parts of the eigenval-
ues for the oscillatory modes, whose imaginary parts of eigenvalues
are not zero, are smaller than the nonoscillatory mode. Therefore,
the oscillatory modes attenuate faster than the nonoscillatory mode.

Figure 14 shows the vector disturbance of the nonoscillatory mode
in the case Re = 3.7 × 103. Every vector disturbance on plane A is
parallel to the plane, and the normal components of the disturbance
vectors are approximately zero. In plane B, every vector disturbance
is normal to the plane. The normal components of the vectors are
represented by contour lines. We have checked the whole flowfield

Fig. 13 Eigenvalues on a complex plane (spheroid, angle of attack =
0 deg, Re < Rec1).

Fig. 14 Distribution of velocity disturbance of the most amplified
mode (spheroid, angle of attack = 0 deg, Re = 3.7 ×× 103).

Fig. 15 Time history of the lift-to-drag ratio (spheroid, angle of at-
tack = 0 deg).

and confirmed that the velocity disturbance of the most amplified
mode satisfies the planer symmetric condition. The result of Fig. 14
is almost the same as the result of the flow around a sphere (Fig. 8c).
Figure 14 also presents the three-dimensional view of the surface
streamline, which is plotted in the same way as Fig. 8c. The pattern
of Fig. 14 resembles the pattern of Fig. 8. This result demonstrates
that the structure of the velocity disturbance of the nonaxisymmetric
mode is almost the same for the sphere and spheroid at zero attack
angles.

From the result in Fig. 13, we can estimate that according to the
increase in the Reynolds number, the real part of the nonoscilla-
tory mode increases and becomes zero when the flowfield is neu-
tral stable. If the Reynolds number becomes larger than the critical
Reynolds number ReC1, the transition from nonoscillatory axisym-
metric flow to nonoscillatory, nonaxisymmetric flow, occurs. This
value is estimated as 3.84 × 103.

If the Reynolds number is close to ReC1, the damping ratio of the
nonoscillatory nonaxisymmetric mode becomes close to zero. The
time histories of the CFD results at various Reynolds numbers are
plotted in Fig. 15. If the Reynolds number is close to the critical
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Fig. 16 Eigenvalues on a complex plane (spheroid, angle of attack =
0 deg, Rec1 < Re < Rec2).

Reynolds number, the gradient of Fig. 15 becomes close to zero.
This result implies that at a long time from the beginning of the
computation, only the nonaxisymmetric mode that determines the
transition exists in the flowfield. In fact, the gradient of the time his-
tory of the normal-force-to-axial-force ratio in Fig. 15 is consistent
with the amplification factor obtained by stability analysis. Thus, we
can calculate the critical value ReC1 by the condition that the gra-
dient in Fig. 15 becomes zero. In the following section, the critical
value ReC1 is estimated by the time history of the CFD results.

To check the dependency of the critical value ReC1 on the grid
resolution, ReC1 is calculated by this way of using a fine grid. The
critical value is 3.83 × 103, which is essentially the same as the value
of the normal grid. The dependency of the value ReC1 on the grid
resolution is low.

From the result of flow around a sphere, we can expect that
the critical Reynolds number ReC2 from nonoscillatory flow to
oscillatory flow also exists. The stability is also calculated under
the condition that the Reynolds number is larger than 3.84 × 103.
The converged solution of CFD, whose flowfield demonstrates
the nonaxisymmetric flow pattern (similarly to Fig. 12b), is used
as the basic flow. The result is shown in Fig. 16. In each case
(Re = 6.0 × 103 and 6.5 × 103) the imaginary part of the most ampli-
fied mode is very close to zero, which means it is the nonoscillatory
mode. The superposition of this mode on the basic flow demonstrates
the rotation of the flowfield around the major axis of the spheroid.
Considering that the symmetric plane in Fig. 11 has a degree of
freedom for the azimuth angle, the mode which corresponds to the
rotation around the axis is expected to be a neutral stable mode.

Now, we focus on the second largest mode. The imaginary part
of the second largest mode is not zero. This mode is the oscillatory
mode. The real part of the second most amplified mode is estimated
to become zero around ReC2 ∼ 6.6 × 103. The frequency of the sec-
ond most amplified mode is calculated as

f = �
(
λ(A)

)/
2π (23)

where λ(A) is calculated by Eq. (24). The frequency is normalized
by the freestream velocity and the length of the major axis of the
spheroid. If the argument of λ(B) is smaller than π , the eigenvalue
λ(A) becomes 2.1, and the frequency becomes f = 0.33 in the case
Re = 6.5 × 103. However, we cannot deny the possibility that the
argument of λ(A) is not the principal value. Considering that the
logarithm is a multivalued function, Eq. (22) is expressed as

λ(A) = {
log

∣∣λ(B)
∣∣ + iArgλ(B) + 2nπ i

}/
T, n ∈ Z (24)

If the value n of Eq. (24) is −1, then the frequency is f = 0.67.
If the value n is 1, then the frequency is f = 1.33. To confirm the
value of the frequency, the numerical computation of the flowfield
is conducted with a supercritical condition (Re = 7.0 × 103). The
result of the frequency analysis, which is adapted to the time history
of the lift-to-drag ratio, is shown in Fig. 17. We can recognize a

Fig. 17 Frequency analysis of the side-force-to-drag ratio (Re =
7.0××103, angle of attack = 0 deg).

Fig. 18 Dependence of the imaginary part of eigenvalues on T (angle
of attack = 0 deg).

Fig. 19 Velocity disturbance of the oscillatory mode (angle of at-
tack = 0 deg, fine grid).

sharp peak at f = 0.70. Then the frequency of the oscillatory mode
is determined to be f = 0.67.

If we set several types of T , we can find out the aliasing error. Here,
we set T as 0.5, and the stability is calculated in the same way. The
result is shown in Fig. 18. To retain the total computational time, M
is set as 80. The real part and imaginary part of almost all modes are
the same except for the second most amplified mode. The probable
values of the frequency of the second most amplified mode become
0.67, 1.33, 2.67, etc. The possibility of f = 0.33 is denied.

To check the dependency of the value of frequency on the grid
resolution, computational study of the flowfield is also conducted
using a fine grid (see Fig. 4). The result for Re = 7.0 × 103 shows a
peak at frequency f = 0.59, whose value is smaller than the result
for the normal grid. The most amplified mode of the stability anal-
ysis result at Re = 6.5 × 103 is shown in Fig. 19. The amplification
factor of this mode is negative. The critical value from nonoscilla-
tory flow to oscillatory flow exists between 6.5 × 103 and 7.0 × 103.
The oscillatory mode is planar symmetric with respect to the plane
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a) Symmetric pattern of streamlines at Re = 3.9 ×× 103

b) Asymmetric pattern of streamlines at Re = 5.5 ×× 103

Fig. 20 Leeside view of surface streamlines (spheroid, angle of attack =
10 deg).

of symmetry. Therefore, if the Reynolds number is a little higher
than the critical value ReC2 and the magnitude of the disturbance is
small, we can observe a planar-symmetric oscillation.

It is not easy to extract the perturbation of the flowfield as shown in
Fig. 19 from a CFD result. The result of the stability analysis implies
that the grid resolution is not enough to resolve the intricate structure
of the oscillatory flowfield clearly. Future studies (promising that
more powerful computers will be available) will clarify the detailed
structure of the oscillatory mode using a sufficiently fine grid enough
to resolve the mode.

2. Angle of Attack of 10 deg
The flow around a spheroid at an angle of attack also be-

comes steady asymmetric in a certain range of Reynolds number.
Figure 20a shows the leeside view of the surface streamlines of
the flow at Re = 3.9 × 103 and an angle of attack of 10 deg. The
pattern of the surface streamlines is symmetric. However, the sur-
face streamlines of the flow at Re = 5.5 × 103, which are shown in
Fig. 20b, show an asymmetric pattern. The asymmetry of the flow-
field is also confirmed by the fact that the side force is generated
on the body. The magnitude of the side force is about 5% of the
axial force. The stationary solution of the CFD result is selected as
the basic flow for the stability analysis. Figure 21a shows the eigen-
values on the complex plane. The imaginary part of the eigenvalue
whose real part is the largest is zero. When the Reynolds number
becomes larger than the critical value ReC1, which is estimated to
be 4.05 × 103, the amplification factor of the nonoscillatory asym-
metric mode becomes positive. The flow changes from nonoscilla-
tory symmetric flow to nonoscillatory asymmetric flow. The critical
value ReC1 calculated using the fine grid is 3.86 × 103. This value
is closer to the critical value at a zero attack angle, which is around
3.83 × 103. In either case, we can conclude that the steady asymmet-
ric (or nonaxisymmetric) flow is observed if the Reynolds number
is approximately larger than 4.0 × 103.

We cannot deny the possibility that the nonoscillatory asymmet-
ric flow appeared by some numerical reason. Experimental study is
necessary for the confirmation of the appearance of the steady asym-
metric flow. In this study, experimental study is also conducted to
demonstrate the appearance of the steady asymmetric flow, which
is described in Sec. IV.

The results of the stability analysis at Re = 5.4 × 103, 5.5 × 103,
and 5.45 × 103 are shown in Fig. 21b. The stationary solutions of
CFD, which show an asymmetric pattern in the surface streamlines
(similar to Fig. 20b), are used as the basic flows. The result shows
that the real part of the eigenvalue is smaller than zero for all of
the modes. The asymmetric flow at Re = 5.5 × 103 is shown to be
stable. In the case of Re = 5.5 × 103, the imaginary part of the most
amplified mode is not zero. That is to say, the oscillatory mode is
least decayed. The frequency of the most amplified mode is 0.11.
The flowfield changes from steady flow to oscillatory flow when the

a) Re < Rec1

b) Rec1 < Re < Rec2

Fig. 21 Eigenvalues on a complex plane (spheroid, angle of attack =
10 deg).

Fig. 22 Frequency analysis of the side force (angle of attack = 10 deg,
Re = 5.55 ×× 103).

Reynolds number becomes larger than the critical Reynolds number
ReC2 which is estimated to be around 5.52 × 103. Figure 22 shows
the power spectrum of the oscillatory side force at Re = 5.55 × 103.
A peak of the spectrum is observed at a frequency of 0.11. This
value is consistent with the result of the stability analysis. A peak
of the spectrum is also observed at a frequency of 0.23. In the result
of the global stability analysis, a mode that has a frequency a little
larger than 0.23 (Fig. 21) shows a local peak. In both mode, aliasing
does not occur, because these frequencies are smaller than half the
value of the sampling frequency f/2 = (1/T )/2 = 0.5.

Here, the mode with a frequency close to f = 0.11, and having the
largest amplification factor, is named “mode A,” and the mode with
a frequency close to f = 0.23, and the amplification factor shows a
local peak, is named “mode B.” The velocity disturbances of modes
A and B are plotted in Fig. 23. Mode A oscillates the velocity in
the nearfield region more than in the far-field region, whereas mode
B oscillates the velocity in the far-field region more than in the
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a) Mode A

b) Mode B

Fig. 23 Contour surface of the magnitude of velocity disturbance.

a) Near-field region

b) Far-field region

Fig. 24 Time history of the pressure.

Fig. 25 Eigenvalues on a complex plane (spheroid, angle of attack =
10 deg, fine grid).

near-wake region. Then, time histories of the of the CFD result in
the near-field and far-field regions is checked. Though the velocity of
these regions include both frequencies, the frequency of the pressure
is around 0.1 at the near-field region (Fig. 24a) and around 0.2 at
the far-field region (Fig. 24b). The difference in the frequency of the
pressure in the near-field region and the far-field region is expected
to be explained by the mode of the three-dimensional global linear
stability analysis.

The stability analyses are also conducted using the fine grid,
which is shown in Fig. 25. The amplification factor of the most
amplified mode is negative in both the Re = 6.0 × 103 and the
Re = 6.5 × 103 cases. This result indicates that nonoscillatory asym-

Fig. 26 Velocity disturbance of the oscillatory mode (angle of attack =
0 deg, fine grid).

metric flowfield remains stable when the Reynolds number is higher
than 6.5 × 103. The CFD result of the Re = 7.0 × 103 case shows an
oscillatory flowfield. The most dominant frequency is f = 0.27, and
the second most dominant frequency is f = 0.09. The critical value
ReC2 is considered to exist between Re = 6.5 × 103 and 7.0 × 103.
The region that the most amplified mode is dominant in, is the
nearfield region. The amplification factor of the oscillatory mode
whose frequency is close to 0.09 is a local maximum. The region
that this mode is dominant in, is the far-field region. The velocity
disturbance of the most amplified oscillatory mode demonstrates an
asymmetric configuration with respect to the plane of symmetry.
Therefore, even in the supercritical condition, an averaged flowfield
of the oscillatory flow remains asymmetric. The spatial asymmetry
is sustained after the temporal instability sets in.

A detailed check of the result of the stability analysis lets us no-
tice that the most amplified mode calculated by using a normal grid
demonstrates spatial oscillation of the velocity disturbance. In other
words, the direction of the velocity disturbance alternates at every
other grid point (Fig. 26). Insufficiency of the spatial resolution
of the normal grid seems to generate this nonphysical oscillation,
and the critical value ReC2 becomes lower. Therefore, the critical
Reynolds number for the oscillatory flow is estimated to exist be-
tween Re = 6.5 × 103 and Re = 7.0 × 103.

3. Effect of Length-to-Diameter Ratio
The flow around a spheroid whose length-to-diameter ratio is 6:1

is also calculated. When the angle of attack is 30 deg, the flow be-
comes steadily asymmetric in a narrow range of Reynolds number
around 7.1 × 103. However, the side force is negligibly small. When
the length-to-diameter ratio becomes larger than 4:1, the range of
the Reynolds numbers in which the steady asymmetric flow is ob-
served becomes narrower, and the difference between ReC1 and ReC2

becomes smaller.

IV. Experimental Results
To confirm the existence of steady asymmetric flow around a

spheroid in a certain range of Reynolds number and attack angle,
experimental research was also carried out. In this study, we focused
on the appearance of the nonoscillatory asymmetric flowfield. Con-
sidering that the Reynolds number was on the order of 104, the
experimental model and freestream velocity became small. This
indicates that the measurement of the drag and side force is very
difficult because these physical quantities are small. Therefore, we
decided to conduct a flow visualization technique.

A Göttingen-type wind tunnel at the Department of Aeronautics
and Astronautics at the University of Tokyo was used to observe the
asymmetric flow around a spheroid at angle of attack 10 deg. The
diameter of the test section was 1.5 m. The length and diameter of
the spheroidal model were 80 and 20 mm, respectively. As shown
in Fig. 27a, the spheroidal model was supported by a sting with a
diameter of 2 mm. A thin metallic pipe with a diameter of 1.4 mm
was placed parallel to the sting. A laser sheet was used for the flow
visualization. Tracers generated by the fog generator are injected
into the recirculation region through this pipe. To take pictures of
the recirculation region, a CCD camera was placed in the center
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a) Schematic of spheroidal model and sting

b) Top and side views of the arrangement of the tracer and
laser sheet

Fig. 27 Schematic of the experimental setup.

a) Symmetric pattern of flow visualization at Re ∼ 3.5 ××103

b) Asymmetric pattern of flow visualization at Re ∼ 6.5 ××103

Fig. 28 Experimental result of flow visualization around a spheroid
supported by sting.

of the wind tunnel. The time of exposure was set at 300 ms. The
angle of attack was set at 10 deg. First, the velocity of the flow was
set to the condition Re ∼ 3.5 × 103. In this case, the flowfield was
considered to demonstrate a symmetric pattern from the discussion
of Sec. III.B.2. Figure 28a shows the result of the flow visualization.
The pattern of the recirculation region was symmetric. Then the
velocity of flow was changed to the condition of Re ∼ 6.5 × 103. In
this case, the flowfield would show an asymmetric pattern. The result
of the flow visualization, which is shown in Fig. 28b, demonstrates
an asymmetric pattern in the recircular region.

To compare the experimental results with numerical results, the
flow around a spheroid with a sting was also calculated. The result

a) Symmetric pattern of streamline at Re = 4.0××103

b) Asymmetric pattern of streamline at Re = 6.0××103

Fig. 29 Numerical result of flow around spheroid with sting.

of the numerical computation shows that the flow at Re = 4.0 × 103

is symmetric. The cross-sectional view of the plane that corresponds
to the viewing plane of Fig. 27a is plotted in Fig. 29a. The com-
puted streamlines at Re = 6.0 × 103, which are shown in Fig. 29b,
demonstrate the asymmetric pattern. On the upper side of Fig. 29b, a
vortex structure is observed. The experimental result shows a vortex-
resembling structure on the upper side of Fig. 28b.

To check that this asymmetric flow is oscillatory or steady, several
pictures were taken at different times. The smoke pattern was con-
sistently similar to the pattern shown in Fig. 28. We can conclude
that the onset of the steady asymmetric flow around a spheroid at
attack angle 10 deg is experimentally confirmed.

V. Conclusions
A computational code for the three-dimensional global linear sta-

bility analysis of incompressible flows has been developed. This
code is applied to the flow around a spheroid at incidence, and the
stability of the flowfield is calculated. Using the result of the sta-
bility analysis, we can explain the appearance of a nonoscillatory
nonaxisymmetric or asymmetric flowfield:

1) In the case of attack angle 0 deg, the nonoscillatory, nonax-
isymmetric flowfield is observed at the range of Reynolds num-
bers around 4.0 × 103 to 7.0 × 103. The amplification factor of the
nonoscillatory mode becomes positive at lower Reynolds numbers
than the critical Reynolds number from nonoscillatory flow to oscil-
latory flow. At higher Reynolds numbers, the amplification factor of
the oscillatory mode becomes zero. Therefore, steady axisymmet-
ric, steady nonaxisymmetric, and oscillatory patterns successively
appear according to the increase in the Reynolds number.

2) The transition from steady symmetric flow to steady asym-
metric flow also occurs in nonzero attack angle. For attack angles
other than 0 deg, steady symmetric, steady asymmetric, and oscil-
latory patterns successively appear according to the increase in the
Reynolds number. The range of the Reynolds number where the
nonoscillatory asymmetric flow is observed is around 4.0 × 103 to
7.0 × 103.

3) In the case in which the length-to-diameter ratio is 6:1, steady
asymmetric flow is observed in a narrow range of Reynolds numbers.
However, the side force is very small and negligible. The Reynolds
number range in which the steady asymmetric flow becomes stable
depends on the length-to-diameter ratio.

4) For confirmation of the appearance of nonoscillatory asym-
metric flow, experimental study was also conducted. A flow visu-
alization technique was used to clarify the asymmetric flowfield in
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the low-Reynolds-number region. The pattern of the recirculation
region shows in asymmetric configuration when the Reynolds num-
ber is around 6.5 × 103, whereas it is symmetric when the Reynolds
number is around 3.5 × 103.
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